Abstract: In this paper, the thermalization has been studied holographically. Explicitly in the gravity side, we consider the gravitational collapse of a thin shell of dust in a spacetime dominated by quintessence dark energy. With the thermalization probes such as the normalized geodesic length and minimal area surface, we study the effect of the state parameter for the quintessence dark energy on the thermalization. Our results show that the smaller the state parameter of quintessence is, the harder the plasma to thermalize. We also investigate the thermalization velocity and thermalization acceleration. We hope our results here can shed light on the nature of the quintessence dark energy.
Introduction
Dark energy has been the hot topic since the discovery of the acceleration expansion of the universe. The famous scalar field models of dark energy include quintessence [1, 2] , K-essence [3, 4] , tachyon [5, 6] , phantom [7, 8, 9] and so forth. For a comprehensive revision on dark energy models, see [10, 11] . The equation of state parameter, which is defined by the ratio of pressure and energy density, is one of the crucial parameters for characterizing the nature of the above dark energy models. Therefore, extraction of the information on equation of state parameter plays an important role in understanding dark energy. Unfortunately, we have not known what the dark energy actually is.
Recently, many new data sets are released. These data contain the first 15.5 months observational data from the Planck mission on the temperature power spectrum of CMB [12] , and the new SNIa data from the Pan-STARRS observational project [13, 14] and so on. The high quality data give new limits on the equation of state parameter. For example, the Planck data favor more negative state parameter of dark energy. Apart from these observations, there are other ways to help us study the nature of dark energy. Though studying the effect of the equation of state parameter on the physical system may enhance our understanding of dark energy. For example, we can probe the effect of dark energy on the black hole physics, which may provide a new hint for us to research dark energy.
Some attempts have been done to construct black hole solutions with dark energy by using of dynamical scalar fields [15, 16] . Actually, in the present of a dynamical scalar field, the field equations of Einstein gravity are complicated and it is difficult to obtain the black hole solution with the state parameter of dark energy. Fortunately, in [17] , the authors present a metric solution describing a d-dimensional planar quintessence AdS black hole. With such solution, the quasinormal modes and Hawking radiation of the black holes surrounded by quintessence have been studied [18, 19] , which can help us further understand the relationship between dark energy and black hole. Especially recently there are also some works to study the quintessence AdS black hole in the framework of holography [20] . At present, although the dual field theoretical interpretation about the quintessence is still unclear, with the further investigations, one can get better understanding. With this motivation, in this paper we will study the gravitational collapse of a thin shell of dust in a spacetime dominated by quintessence dark energy in the gravity side, which is dual to the non-equilibrium thermalization process of plasma in the conformal field with AdS/CFT correspondence.
So far, there have proposed many models to study the non-equilibrium thermalization behavior in holographic method [21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33] . Among them, one elegant model is presented in [32, 33] , where the authors probe the scalar-dependence of thermalization following a quench in strongly coupled field theories, via calculations of the two-point correlation function, Wilson loop, and entanglement entropy. In the saddle approximation, these probes are computed in AdS space in terms of geodesic, minimal surface, and minimal volume. With this method, the holographic thermalization investigation has been generalized to the bulk geometry with electrostatic potential [34, 35, 36] , high curvature corrections [37, 38, 39, 40] , and other gravity models [41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52] . The purpose of this paper is to investigate the effect of the state parameters for quintessence dark energy on the holographic thermalization. We take the two-point correlation function and expectation value of Wilson loop as thermalization probes, which dual to the geodesic and minimal area surface in the saddle approximation. For each thermalization probes, we study the evolution of the renormalized observables. We find for both the thermalization probes, smaller the state parameter of quintessence is, longer the thermalization time is 1 . That is, as the state parameter decreases, the plasma in the dual conformal field theory is harder to thermalize. In addition, we find the state parameter has an important effect on the thermalization probes. Explicitly, for the large state parameters, we find there is a slight delay in the onset of thermalization for both the thermalization probes, which is similar to that in the Vaidya AdS black branes [32, 33] . After this delay, there is a quadratic growth and linear growth stage as found in [53, 54] . While for a small state parameter, we find the delay becomes shorter and to some case, the renormalized observables grow immediately. To understand the thermalization profoundly, we also obtained the thermalization velocity and thermalization acceleration. As the state parameter of quintessence decreases, the initial values for both the thermalization probes increase from negative to positive. Especially for the large state parameters, there is a phase transition point during the whole thermalization process for both thermalization probes, which divides the thermalization into an acceleration phase and a deceleration phase. We further investigated the effect of the state parameters on the phase transition point and find that the phase transition point decreases as the state parameters decreases. But for a small state parameters, the thermalization velocity is found to be decreased during the whole thermalization process for the initial thermalization velocity is too large. The thermalization acceleration, of course, is negative always in this case. This paper is organized as follows. In the next section, we will briefly review the gravitational collapse solution in the spacetime dominated by the quintessence dark energy. Then in Section 3, we derive the equations of motion of the non-local observables theoretically. In Section 4, we perform a systematic analysis about how the state parameters affect the thermalization time resorting to numerical calculation. We also study the thermalization velocity and thermalization acceleration by the fitting functions of the thermalization probes. The last section is devoted to discussions and conclusions.
The quintessence Vaidya AdS black branes
In this section, we will first review the AdS black brane solution dominated by quintessence and then extend it to the gravitational collapse case. The quintessence AdS black brane is also the solution of the Einstein field equation
where L is the radius of the AdS, D is the dimension of the spacetime, and T q µν is the energymomentum tensor of the quintessence whose nonzero components are given as 
where 4) in which c 1 and c 2 are normalization factors. The energy density ρ q of quintessence and the state parameter w have the following relation
The background Eq.(2.4) admits many spacetimes with different choices of c 1 and c 2 . In general, for the usual quintessence, the energy density ρ q is positive and the state parameter w is negative, which means that the constant c 2 must be negative. Here we will limit us to the case c 1 = 0 and c 2 = −M as done in [20] for simplicity, where M is called as the quintessence charge. With this assumption, Eq.(2.4) reduces to
The temperature of the quintessence AdS black brane in this case can be calculated to be
where
is the event horizon of the black brane and determined by f (r h ) = 0. As w → 0, the background we are interested reduces to the usual planar Schwarzschild AdS black brane, while w → −1 reduces to a pure AdS space with a renormalized cosmological constant 1/L 2 − M . To get the quintessence Vaidya black brane solution, we make the coordinate transformation z = L 2 r , with which the black brane metric in Eq.(2.3) can be cast into
where L have been set to 1.
Introducing the Eddington-Finkelstein coordinate 
The quintessence Vaidya AdS black brane can be obtained by freeing the quintessence charge in Eq.(2.9) as an arbitrary function of v. In this case, Eq.(2.11) can be treated as the solution of the following field equation
in which M (v) is the quintessence charge of a collapsing quintessence black brane. Up to now, the gravitational collapse solution has been constructed. Next we are going to investigate the holographic thermalization process in the gravitational background (2.11). According to the AdS/CFT correspondence, the initial state in the conformal field theory is dual to the AdS boundary in a higher dimensional spacetime, the sudden injection of energy is dual to the collapse of a thin shell of dust, and the final equilibrium state is dual to a static black brane. In order to describe the thermalization process holographically, one should construct a proper model in the bulk. We set the quintessence charge as M (v) = M η(v), where η(v) is the step function. More explicitly, M (v) is often written as the smooth function 14) where v 0 represents the thickness of this finite shell. In the limit v → −∞, the background corresponds to a pure AdS space which is dual to the vacuum state in the conformal field theory, while in the limit v → ∞, it corresponds to a quintessence AdS black brane which dual to the equilibrium state in the conformal field side.
Nonlocal observables
In this section, we describe the thermalization holographically. As stated before, the probes in the gravity side are given by the area of the bulk extremal surface for a given configuration.
Without loss of generality, we will consider an n-dimensional strip Σ which ends at an (n − 1)-dimensional spatial surface ∂Σ lying at some time in the boundary theory. In this case, the strip consists of two (n − 1)-dimensional hyperplanes located at [53, 54] 
For n = 1, Σ consists of two points separated by −l/2 ≤ x 1 ≤ l/2, the extremal surface is the geodesic connecting the two points, and its length L gives the equal-time two point correlation function of an operator with large dimension [55] 
where ∆ is the conformal dimension of scalar operator O. For n = 2, Σ to be a closed line, which defines the contour of a spacelike Wilson loop, and the area of the extremal surface gives the expectation value of the Wilson loop operator [56] 
where α ′ is the Regge slope parameter. While for n = D − 2, Σ to be a closed surface which separates space into two regions. The area A Σ then gives the entanglement entropy associated with the region bounded by Σ [57, 58]
where G D is the D-dimensional Newton's constant. It is obvious that to get the equation of motions for non-local observables, one should get the area of the extremal surface, defined by A n . For the quintessence Vaidya AdS black branes, the area of an n-dimensional surface ending on the strip Σ can be written as
here for notational simplicity, x 1 has been replaced by x. Note that the integrand in Eq.(3.5) can be thought of as the Lagrangian L of a fictitious system with x the proper time. So according to the Lagrangian equation
where q 1 , q 2 denote z(x) and v(x) respectively, we can get the equations of motion for z(x) and v(x)
Furthermore, by the reflection symmetry of the strip, we have the following initial conditions
With them, the configuration of bulk extremal surfaces will be fully fixed for a given n. Since the Lagrangian does not depend explicitly on x, there is an associated conserved quantity 11) according to this relation, Eq.(3.5) can be simplified as
Generically the area of the extremal surface is divergent, so one needs to make regularization, which is achieved by imposing the boundary conditions as follows
where z 0 is the IR radial cut-off and t 0 is the time that the extremal surface approaches to the boundary, which is called thermalization time. In this paper, we are interested in the case D = 4 for there have been many works to study the effect of the spacetime dimensions on the thermalization probes [32, 33, 34, 35] . According to the definition of the area of the extremal surface, we know that the entanglement entropy equals to the expectation value of the Wilson loop, thus next, we will use the two point correlation function and Wilson loop to explore effect of quintessence on the thermalization. In the bulk, this behavior equals to probe the gravitational collapse in a spacetime surrounded by quintessence using the geodesic length and minimal area surface, for which the renormalized forms are
where R 0 have also been set to 1. Obviously as z(x) in Eq.(3.8) and Eq.(3.9) are solved for a given n, we can get the renormalized geodesic length and minimal area surface.
Numerical results
In this section, we will first study how the quintessence affects the evolution of the geodesic and minimal area surface by solving Eq.(3.8) and Eq.(3.9) with the initial conditions in Eq.(3.10). We mainly concentrate on how the quintessence affects the thermalization time.
During the numerical simulation, we will take the shell thickness v 0 = 0.01 and UV cut-off z 0 = 0.01 respectively. The quintessence charge M will be set to one so that the horizon is always located at z h = 1.
Two point function
In this subsection, we probe the thermalization of the quark gluon plasma with two point function, which corresponds to n = 1. In the bulk, it is dual to probe the gravitational collapse of a shell of dust by the geodesic. Our numerical results are shown in Table ( 1). In Table ( 1), we list the thermalization time for different state parameters at different initial time v ⋆ . It is easy to see that for a fixed initial time, as the state parameters decrease from zero to negative, the thermalization time increases step by step. Especially, as w decreases from −0.6 to −0.8, the change of the thermalization time is most obvious. Therefore, we concluded that the smaller state parameters of quintessence delays the thermalization. This phenomenon also can be observed by studying the motion profiles of the geodesic, which are shown in Figure (1) . From Figure (1) , we know that for a fixed initial time v ⋆ , as the state parameter of quintessence w decreases from zero to −0.8, the shell goes away from the horizon. This phenomenon is most obvious for the case v ⋆ = −0.111. In such case, we can see that for w = 0, −0.2, −0.4, the shell has been dropped into the horizon while for the case w = −0.6, −0.8, it is out of the horizon. Thus a static black brane has been formed for w = 0, −0.2, −0.4 while the shell is collapsing for w = −0.6, −0.8, which also means that as the state parameter of quintessence decreases, the thermalization is delayed. We further study the renormalized geodesic length with the help of Eq.(3.14). As done in [32, 33, 34] , we compare δL at each time with the final value δL Q , which is obtained invariant quantity δL ≡ δL/l in Figure ( 2) and Figure ( 3), which give the relation between the renormalized geodesic length and thermalization time for different state parameters w at a fixed boundary separation. In each picture, the vertical axis indicates the renormalized geodesic length while the horizontal axis indicates the thermalization time t 0 . From Figure  ( 2) and Figure ( 3), we know that at a fixed boundary separation, as the state parameter decreases, the thermalization time increases. This phenomenon is most obvious for small state parameters. Therefore, as the state parameter of quintessence decreases, the thermalization is delayed, which is consistent to our previous observation. In addition, in Figure( 2) and Figure ( 3), we find that for the large state parameters w, there is a delay in the onset of thermalization for the renormalized geodesic length as shown in [32, 33] . And after that stage, there is a quadratic growth and linear growth stage as found in [53, 54] . However especially for w = −0.6, −0.8, we find the evolution of the renormalized geodesic length has different tendency completely. For w = −0.6, the whole process of the evolution seems to be a linear growth, while for w = −0.8, it seems to be a high order growth. To understand profoundly how the quintessence dark energy affects the gravitational collapse process, next we will study the thermalization velocity and thermalization acceleration based on the fitting function of the thermalization curves. At the boundary separation l = 3, the numeric curves for w = 0, −0.2, −0.4, −0.6, −0.8 can be fitted as follows For small thermalization time, the functions are determined by the lower power of t 0 , while for large thermalization time they are determined by the higher power of t 0 . Figure  (4) is the comparison of the numerical curves and fitting function curves. It is obvious that at the order of t 5 0 , the thermalization curve can be described well by the fitting function 2 . With these functions, we can get the thermalization velocity, defined by d(δL − δL Q )/dt, and thermalization acceleration, defined by d 2 (δL − δL Q )/dt 2 , which are plotted in Figure ( phase. The phase transition point for different state parameters can be read off from the null point of the acceleration curves in Figure (6 ). It is easy to find that in the time range, 0 < t 0 < 1.042, 1.036, 0.9922, 0.6201 for w = 0, −0.2, −0.4, −0.6 respectively, the thermalization is in an acceleration process while for the other time range, it is in a deceleration process before it approaches to the equilibrium state. Furthermore, as the state parameter of quintessence decreases, the value of the phase transition point decreases. That is, smaller the state parameter is, earlier the thermalization decelerates. This result also indicates that the smaller state parameter of quintessence delays the thermalization, which is consistent with the previous result. In addition, from (b) in Figure (5) , we find the thermalization is always decelerated and the acceleration in Figure (6 ) is negative, which is different from other values of w, which accelerates first and then decelerates. In addition, from the thermalization velocity curves in Figure (5) , we also find a nonmonotonic behavior of the renormalized geodesic length for w = 0, −0.2, which is indicated by the negative value of the renormalized geodesic length at the initial thermalization time. This non-monotonic behavior has also been observed and explained in [35, 38, 52] . But in our paper, we find this non-monotonic behavior vanishes as the state parameter decreases. Especially for the case w = −0.8, the velocity of renormalized geodesic length in the vacuum state is so large that it should be decelerated in order to approach to the equilibrium state lastly.
Wilson loop
With the same strategy, in this subsection we will use the Wilson loop to probe the thermalization of the quark gluon plasma, which is equivalent to solve the equations of motion of the minimal area surface, namely n = 2 in Eq.(3.8) and Eq.(3.9), for different initial time and state parameters of quintessence. In Table ( know that at a fixed initial time, as the state parameter decreases, the thermalization time decreases step by step, which implies that the smaller state parameters delay the thermalization. At v ⋆ = −0.444, we also plot the motion profiles of the minimal area surface for different state parameters, which are shown in Figure (7) . From (a) to (d) in Figure (7) , we know that as the state parameters decrease, the shell goes away from the horizon little by little. That is, for the smaller state parameters, the quark gluon plasma in the dual conformal field theory is harder to thermalize. This behavior is the same as that observed in subsection 4.1. We further study the renormalized minimal area surface based on Eq.(3.15). Here we are interested in l independent quantity δA − δA Q , where δA Q is the renormalized minimal area surface at the equilibrium state. Figure ( (9), we can observe the same phenomena when we consider the geodesic as a probe in the last subsection.
• At a fixed boundary separation, as the state parameter decreases, the thermalization time increases, which means the smaller state parameters of quintessence delay the thermalization;
• For the larger boundary separation, the transition of the renormalized minimal area The boundary separation along the x direction is 1.6, and along the y direction is 1. The white surface is the location of the horizon. The position of the shell is described by the junction between the yellow surface and the green surface.
surface between two adjacent state parameters is more obvious;
• As the state parameters decrease, the renormalized minimal area surface at the initial thermalization time decreases. For the large state parameters, there is a slow evolution stage for the renormalized minimal area surface at the initial thermalization time, see (a) in Figure ( To understand the evolution of the renormalized minimal area surface profoundly, we will also get the fitting functions for different w. At the boundary separation l = 1, the numeric curves for w = 0, −0.2, −0.4, −0.6, −0.8 can be fitted as We can see that the thermalization curves can be described well by the fitting functions besides the initial thermalization time for the case w = −0.8 3 . With these functions, we also can get the thermalization velocity and thermalization acceleration for different w, which are plotted in Figure ( From the thermalization velocity curves in Figure (11) , we find for the cases w = 0, −0.2, there is a phase transition point which divides the thermalization into an acceleration phase and deceleration phase. The phase transition points can also be read off from the null point of the acceleration curves, which is plotted in Figure (12) . It is obvious that in the time range, 0 < t 0 < 0.6001 for w = 0 and 0 < t 0 < 0.5417 for w = −0.2, the thermalization is accelerated while for the other time range, it is decelerated before it approaches to the equilibrium state. Obviously, as the state parameter of quintessence decreases, the value of the phase transition point is smaller. For w = −0.4, −0.6, −0.8, we find the whole thermalization is decelerated. Especially for w = −0.6, −0.8, the thermalization decelerates drastically at the initial thermalization time and then decelerates smoothly. For all the state parameter of quintessence, we find the initial velocity of renormalized minimal area surface increases as the state parameter decreases. So for the case w = −0.4, −0.6, −0.8, the thermalization velocity of minimal area surface in the vacuum state is so large that it should be decelerated in order to approach to the equilibrium state lastly. Obviously the result obtained from the fitting functions of renormalized minimal area surface is similar to that obtained from the evolution of the renormalized geodesic length.
Conclusions and Discussions
Effects of the quintessence dark energy on the holographic thermalization have been investigated in this paper. The model in the bulk is realized by the collapsing of a shell of dust that interpolates between a pure AdS and a quintessence AdS black brane. The spacetime structure of the quintessence AdS black brane is found to be dependent on the state parameters of the quintessence dark energy w with the variation range −1 ≤ w < 0. As w approaches to 0, the spacetime reduces to the usual planar Schwarzschild AdS black hole and as w approaches to −1, it reduces to a pure AdS space with a renormalized cosmological constant 1/L 2 − M . So for the large state parameters, namely near w = 0, the thermalization behaves similar to that in the Vaidya AdS black branes with a slight delay in the onset of thermalization. While for the small state parameters, namely near w = −1, the thermalization for both the thermalization probes has different behavior completely. That is, the delay in the onset of thermalization vanishes and to some case, it even increases drastically. The thermalization velocity in this case decreases always during the whole thermalization process, which is different from the one for large state parameters where the thermalization is divided into an acceleration phase and deceleration phase. The thermalization behaves differently for different state parameters of quintessence in that the state parameters affect the spacetime structure, which further reflects in the Hawking temperature in Eq.(2.7). As stressed in [33] , the thermalization only becomes fully apparent at distances of the order of the thermal screening lengthl D ∼ (πT ) −1 , where T is the temperature of the dual conformal field. From (2.7), we know that as w → 0, there temperature is finite thus there is a delay in the onset of thermalization, while as w → −1, the temperature is infinitesimal, the delay vanishes and the thermalization begins immediately.
Another interesting phenomenon is that our model also can describe the transition for an vacuum state to another vacuum state. As w approaches to −1, we know that the spacetime reduces to a pure AdS space with a renormalized cosmological constant 1/L 2 − M , which in the dual conformal field theory is dual to an vacuum state. Thus for the case w → −1, the thermalization behavior also can describe the transition of the vacuum state. We will discuss this topic more specifically in the future.
